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Abstract 

Let / : Si i—> £2 be a map between compact Riemannian manifolds 
of constant curvature. This article considers the evolution of the graph 
of / in Si x So by the mean curvature flow. Under suitable conditions 
on the curvature of Si and S2 and the differential of the initial map, 
we show that the flow exists smoothly for all time. At each instant t, 
the flow remains the graph of a map ft and ft converges to a constant 
map as t approaches infinity. This also provides a regularity estimate 
for Lipschtz initial data. 


1 Introduction 

The deformation of maps between Riemannian manifold has been studied 
for a long time. The idea is to find a natural process to deform a map to a 
’’canonical” one. The harmonic heat flow is probably the most famous ex¬ 
ample. It is the gradient flow of the energy functional of maps. The classical 
work of Eells and Sampson || proves the flow converges to a harmonic map 
if the target manifold is of non-positive curvature. However, singularities 
do occur in the positive curvature case. Such example exists even for maps 
between two-spheres. I11 ||, |J, the author proposes the study of a new de¬ 
formation process given by the mean curvature flow. The idea is to consider 
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the graph of the map as a submanifold in the product space and evolve it 
in the direction of its mean curvature vector. This is the gradient flow of 
the volume functional of graphs and a stationary point is a ” minimal map” 
first introduced by Schoen in 0 . This proposal proves to be quite successful 
in the surface case. In fact, it provides a analytic proof of Smale’s classical 
theorem of the diffeomorphism group of spheres. This article considers the 
arbitrary dimension and codimension case. We first prove that the graph 
condition is preserved and the solution exists for all time. 

Theorem A. Let (Z 1; g) and (Z 2 ,h) be Riemannian manifolds of constant 
curvature k\ and k 2 respectively and f be a smooth map from Zb to Z 2 . 
Suppose k\ > \k 2 \. If det(gtj + ( f*h)ij ) < 2, the mean curvature flow of the 
graph of f remains a graph and exists for all time. 

The mean curvature flow for graphs appears to favor positively curved 
domain manifold. The convergence theorem is the following. 

Theorem B. Let (Zi,g) and (Z 2 ,/r) be Riemannian manifolds of constant 
curvature ki and k 2 respectively and f be a smooth map from Zb to Z 2 . 
Suppose k x > \k 2 \ and k\ + k 2 > 0. If det+ ( f*h)ij ) < 2, then the mean 
curvature flow of the graph of f converges to the graph of a constant map at 
infinity. 

The condition det + ( f*h)ij ) < 2 is actually a geometric condition. 
When Zi and Z 2 are of the same dimension, it is closely related but slightly 
stronger than the condition that the Jacobian J\ of the projection from the 
graph to Zi be strictly greater than the absolute value of the Jacobian J 2 of 
the projection from the graph to Z 2 . The geometric meaning is that we see 
more of the graph from Zx than from Z 2 . 

An assumption of this type is clearly needed in general. In the two di¬ 
mensional case , the condition J\ > | J 2 | turns out to be the optimal one in 
||. But in higher dimension, is is not yet clear what would be the optimal 
condition for the global existence of the flow. 

The stability of general gradient flow on Riemannian manifolds with an¬ 
alytic metric was proved by Simon in J7| where the smallness of the second 
derivative is assumed initially. The assumption in Theorem B is a condition 
on first derivatives and the proof relies on a curvature estimate which implies 
regularity for initial data with small Lipschitz norm. Such estimate for codi- 
mension one graphic mean curvature flow was proved by Ecker and Huisken 
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|r|]. A localized version in codimension one case indeed gives an alternative 
proof of the short time existence of the mean curvature flow. 

Theorem A and B are proved in §4. The author would like to thank 
Professor R. Schoen, Professor L. Simon and Professor S.-T. Yau for their 
encouragement and advice. 


2 Preliminaries 

Let / : Si i-> S 2 be a smooth map between Riemannian manifolds. The 
graph of / is an embedded submanifold S in M — Ex x S 2 . We denote 
the embedding by F : Si 1 —> M, F = id x /. There are isomorphisms 
TSi 1 —^ TT by IhI + df(X) and T£ 2 ^ YE by Y ^ Y - ( df) T (Y ) 
where ( df) T : TTo e-> TSi is the adjoint of df. 

We assume the mean curvature flow of F can be written as a graph of / 
for t G [0, e) and derive the equation satisfied by /. It is given by a smooth 
family F t : Eh 1 —»■ M which satisfies 


( 



H 


where (•) _L denotes the projection onto NT, and FI is the mean curvature 
vector of F t (Ti) = T t . By the definition of the mean curvature vector, this 
equation is equivalent to 


( 



(A^Vfp 

dx l 


dF 

* dxi 


where A* J is the inverse to the induced metric A ij on T. 

OF dF 

< dx i ’ dxJ > 

When Si and S 2 are both Euclidean space, 4^ and are both 

in TS 2 . Since the projection to the normal part is an isomorphism when 
restricted to TS 2 , 


dF 

~dt 


A*i v M 


dF 


§5^ dxi 
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If we write F t = id x f t , then A tJ = g tj + h a p = 9ij + U* h )ij■ ft 
satisfies the following nonlinear partial differential equations. 

dp_ , , dpdfP ! d 2 r 

dt '^ lJ 7/3 dx i dx 3 dx i dx 3 

3 Evolution equation for parallel form 

In this section, we calculate the evolution equation of the restriction of a par¬ 
allel n-form to an n-dimensional submanifold moving by the mean curvature 
flow. 

We assume M is a Riemannian manifold with a parallel n form Q. Let 
L : E i-» M be an isometric immersion of an n-dimensional submanifold. We 
choose orthonormal frames {ej}j=i... n for T£ and {e a } a =n+i for NT,. 
The convention that denote tangent indexes and a, (3 ,7 • • • denote 

normal indexes is followed. 

We first calculate the covariant derivative of the restriction of on S. 


= e fc (n(e il , - - - ,0) ,0 -,V^e ln ) 

= - V^e*, • • • , ej + • • • + 0( eil , • • ■ , VX - V e s fc eJ 


where we have used = 0 because is parallel. This equation can be 

abbreviated using the second fundamental form of F, h ai j =< Vfpj,e a >. 


^a^-'-in^oiiik T ' ' ' T ^‘ii---i n —iah'ai n k (3.1) 

Likewise, 

^a!2-in,fc ^ ji2 -in^Oijk T ^a0i3"-in ^0l2k T ' ' ■ T ^‘ai2-"in-10^'0ink (3.2) 

Take the covariant derivative of equation ( |3.1|) with respect to e*, again, 


H ii---i n ,kk ^‘oci2---in,kb'aiik T ' ' ' T Qii---i n _ia,kh'ai n k 

T 0‘ai2---i rl h O ii 1 k,k T ' ' " T ^ii---in—iahai n k,k 


(3,3) 
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Plug equation ( |3.2|) into ( |3~5| ) and apply the Codazzi equation h a ki,k — 
ha,i + Rakki where R is the curvature operator of M. Now we specialize to 

(A - n ^ j2---nh J ajk ~P f^a/33”-n^/32/c "f" * * * ~P ^a2---(n—l)(3^(3nk)^ J cx.lk 

"P * * * ~P (^/52---(n—l)a^/31/c "P * * ‘ "P 2)/3a^/3(n— l)k l)j^OLjk)^a.nk 

"P ^a2”-n^ , a,l “P * * * "P ^l---(n—l)aha,n 
T Qa2---nRakkl T ' ' ' T ^ , l-- {n—l)a-^akkn 

where A s f2 is the rough Laplacian, i.e. 


(A E n)t..„ = (V^Vl;n)(ei,---,e„) 

Since £ is of dimension n, after grouping terms we have 
(A~fi)i... n = — ^i2-n N(^aifc +-1" h 2 c N 


L ank) 


a,k 


2 ^ ^ [f^a/33-n^al/c^/32/c "P ^a2/3---nh'alkh'P3k "P ’ * * “P 2)a/3^ / a(n— l)k^/3nk\ 


a,P,k 


^ ^ ^2o;2"-n^'Q,l ~P * * * "P ^l”*(n—l)a^a 


a,k 


^ ^ Qa2--nRakkl “P * ' ' H - l)a-^< 

a,k 


■akkn 


(3,4) 


We notice that (A s f2)!... n = A(f2(ei, • • • , e n )), where the A on the right hand 
side is the Laplacian of functions on £. 

The terms in the bracket are formed in the following way. Choose two 
different indexes from 1 to n, replace the smaller one by a and the larger one 
by (3. There are a total of such terms. 

Now we consider the mean curvature flow of £ in M by jjjF t = H t . In 
the following, we shall denote the image of F t by E t . Notice that here we 
require the velocity vector is in the normal direction. The evolution equation 
of f2i... n can be calculated as the following. We work in a local coordinate 
{<% = 011 then 
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A) 

= n((v dl H) N , d 2 , - ■ ■, d n ) + • • • + n{di,d2, • • •, (Wo n H) N ) 

+ 12((V 01 tf) T , d 2 , ■ ■ ■ , d n ) + • • • + 0(5,, d 2 , • • • , (Va n H) T ) 

Since jjjfh] =< (V 9i H) T , dj >, if we choose a orthonormal frame and evolve 
the frame with respect to time so that it remains orthonormal, the terms in 
the last line vanish. 


■■■n 12 a2---nha,l T ' ' ' “I" 

Combine this with equation (|3.4|) we get the parabolic equation satisfied 
by 12 i„. n . 


Proposition 3.1 //Et is an n-dimensional mean curvature flow in M and 
Q is a parallel n-form on M. Then 12i ; ... )n = 12(ei, • • • , e n ) satisfies 


jn 1 ... n = An 1 ... n + s\.. n (J2Ki 


aik) 


a,i,k 


2 ^ ^ ^^ j af32r--n^ j cx.lk^ j (32k “1“ ^‘a2(3---n^'alk^ j (33k 2)a/3^a(n—l)fc^/3n/c] 


a,/3,k 


Ep ol 2 •••n Rakkl ’ * * “1“ l)o;-R( 

a,k 


otkkn\ 


(3.5) 


where A denotes the time-dependent Laplacian on E t . 

When M = Ei x E 2 is product, the volume form 12j of each Ej is a 
parallel form on M. In fact, all the discussions in this paper apply to any 
locally Riemannian product manifold. At any point p on E, choose a ori¬ 
ented orthonormal basis e±, ■ ■ ■ e n for T P E. Then 12i(TE) = 12i(ei, • • • e n ) = 
^i(7Ti(ei), • • • , 7 Ti(e n )) is the Jacobian of the projection from T E to TEi. We 
shall use * 0 i to denote this function as p varies along E, here * is simply the 
Hodge operator with respect to the induced metric. By the implicit function 
theorem, * 12 ! > 0 near p if and only if E is locally a graph over Ex near p. 
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In the following, we assume E t is locally a graph over Ei so that > 0 
on E t and find orthonormal bases for the tangent and normal bundle of E t 
so that we can represent the terms in equation ( |3.5| ) in a better form. 

First, we need a simple linear algebra lemma. Let V — V\ x V 2 be a 
product of inner product spaces V\ and V 2 of dimension n and m respectively. 

Let D \\1 1 —V 2 be a linear transformation. 

Lemma 3.1 There exist orthonormal bases { 0 *}*=\... n for\\ and {a a } a =n+i---n+m 
for V 2 such that \ ia =< Dai , a Q >> 0 is diagonal. 


In fact, this is the Singular Value Decomposition and a proof is available 
in e.g. || . 

It is understood that if n < m, then \ ia = 0 for a > n and if m < n, 
then \ ia = 0 for i > m. 

Now let T be the graph of D, i.e. T = V\ + D(V L ). N denotes the 
orthogonal complement of T. Let 7 p : V\ x V 2 Vi be the projection map. 
We notice that there are isomorphism tti\t '■ T 1 —► V± and tt 2 \n ■ N 1 —> V 2 . 

I 11 the later application, V = F p Ej and D is given by the df\ p , the dif¬ 
ferential of / at the point p, where / is a locally defined map whose graph 
represents E near p. 

= 2 = (aj + 'ffg A ipap)} forms an orthonormal basis for T 

V 1 +E / 3N / 3 P 

' 'd a ~ Xj a dj )} an orthonormal basis for N. It is not 


Now {e* = 
and {e a = 


hard to check that | 7 r 1 (ej)| = 


Vi+E 


/3 A i(3 


and 


‘ (3-6) 

y Xjpn2\ep) 
i 

With these bases, we can calculate the terms in equation ( |3.5| ) for D = fij. 
We first calculate the term 


"2 ^ ' \Qa/33---nhalkhf32k "F Qa20---nhalkh/33k "F ' ' ' "F 2)ct/3^.a(ri—l)fe^/3nfc] 


a,0,k 


By equation (|3.6| ), 


^i ( e «5 e 0i e 3i ''' j e n ) — Di(7r 1 (e Q ,), ^(e^), 7 Ti(e 3 ), • • • , 7Ti(e n )) — (Ai q A 2/3 — A 2 OA 10 ) * 
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Therefore, this term is 


2 [ ^ ^ ^ja^i(3^)^aik^Pjk\ * ^1 

a,/3,k,i<j 


(3.7) 


As for the curvature term, 


2,-- ,nRakkl (Ca, e 2 , • • • j &n) R{&a i €ki €kj ^1) 

We assume Ej is of constant curvature ki, therefore 

Ri^Ca, 6 k , Ck, Ci) 

= -Rr(7ri(e Q ), ni(e k ), iTi(e k ), 7Ti(ei)) + i? 2 (^r 2 (e Q ), 7r 2 (e fc ), 7r 2 (e fc ), 7r 2 (ei)) 

= fci[< 7Ti(e a ),7Ti(e fc ) >< 7Ti(e fc ),7ri(ei) > - < 7Ti(e a ),7Ti(ei) >< 7Ti(e fc ),7Ti(e fc ) >] 

+ k 2 [< 7r 2 (e Q ),7r 2 (e fc ) >< 7r 2 (e fc ), vr 2 (ei) > - < 7r 2 (e Q ), 7r 2 (ei) >< 7r 2 (e fc ), vr 2 (e fc ) >] 

Notice that 

< X,Y >=< ni(X), Ttiiy) > + < n 2 (X),n 2 {Y) > 

since TEi _L TE 2 . 

Therefore the second term is 

< 7r i( e «)> 7r i( efc ) >)(^ifc _ < 7 i'i(efc),vri(ei) >) 
k 

- (- < 7Ti(e a ),7Ti(ei) >)(1- < 7Ti(e fc ),7ri(e fc ) >)] 

= /c 2 ^[< 7Ti(e a ),7r 1 (ei) > -S lk < 7Ti(e a ),7Ti(e fc ) > 

k 

+ < 7Ti(e a ),7r 1 (e fc ) >< 7Ti(e fc ),7Ti(ei) > - < vri(e Q ), vri(ei) >< 7Ti(e fc ), 7Ti(e fc ) >] 

Plug in 7Ti(eQ,) = — Aj a 7Ti(ej). We get 

^ ^ a2 -nRakkl 
a,k 

= Ai Q A iQ {/ci[< 7ri(ej),7Ti(e fc ) >< 7Ti(e fc ),7Ti(ei) > - < 7ri(e i ),7Ti(ei) > ki(e fc )| 2 ] 

a,j,k 

+ k 2 [< TTi(ej), 7Ti(ei) > -<5ife < 7Ti(&,•), 7Ti(e fc ) > 

+ < 7ri(ej),7Ti(e fe ) >< 7Ti(e fc ),7Ti(ei) > - < 7Ti(ej),7Ti(ei) > ki(e fc )| 2 ]} * fA 



Similarly we can write down other terms and the curvature term becomes 
El AicAjo, {h[< 7Ti(e,-), 7Ti(e fc ) >< 7ri(e fc ),7Ti(ej) > - < nfie-j), nfief) > |vri(e fc )| 2 ] 

+ ^ 2 [< 7Ti(ej),7r 1 (e i ) > < 7Ti(e i ),7ri(e fc ) > 

+ < 7Ti(ej), 7Ti(efe) >< 7ri(e fe ),7Ti(ei) > - < TTi(ej), Tifiefi > 17Ti(e fc )i J ]} * 

Notice that 'f2 a Xi a ^ja 0 only if i = j. Let S<* Ai Q Aj a = $ijXf with 

A; > 0. 

We can rearrange the basis {a Q } so that 

A ioi 3a,n+i^i 

If we represent E t locally as the graph of a locally defined map f t , then 
Aj’s are in fact the eigenvalues of ( df t ) T df t ■ 

E^{MMeOlViM 2 - < 7ri(ei),7Ti(e fc ) > 2 ] 

a,i,k 

+ k 2 [\n 1 (e i )\ 2 \Tr 1 (e k )\ 2 - < 7r 1 (e i ),7ri(e fc ) > 2 +S ik < 7r 1 (e i ),7ri(e fc ) > — |tti( e^)j“]} * 

By the choice of {e^}, < 7Ti(e*), vri(efc) >= 0 unless i — k, and if we write 
Sj ki(ei)| 2 = |vri| 2 , then the term is 


E^W^I’Wkil 2 - M e *)l 2 ) + ^(ki | 2 - M^)! 2 + i -n)} *n t 


Now we shall write the equation for in terms of A* and the second 
fundamental form. Notice that 17Ti (e^) | 2 = yyyr- 


Proposition 3.2 Suppose M = Si x S 2 and E, is a Riemannian manifold 
of constant curvature hi, i = 1,2. The volume form o/Ej is denoted by flj. 
Let Wij ; E =—> M be an embedding such that E is locally a graph over E^ If 
each E t is locally a graph over E x along the mean curvature flow of F 0 for 
t e [0, e), then = *fii satisfies the following equation. 


dt 


* A2 A ^ O -1- h a ik 2 ^ ^ A / Ay h n—i.ik-h a — j.jk ~h 2 ^ A ; Xj k h rf -■}_j 




a,i,k 


k, i<j 


k,i<j 


A 


Etta|WEttaJ ) + A:2(1 -” + E 


1 + A 2 

j 


)]} 


(3.8) 
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where A \s are the eigenvalues of a/ (df t ) T df t and f t is a locally defined map 
whose graph represents E t locally. 


It is understood that in case n > m, we pretend h n+ ijk = 0 for m < i < n. 
If E t is indeed the graph of a map f t , then AJs are the eigenvalues of 
V(dft) T df t . As a comparison with the harmonic heat flow, = —^====== 


and the energy density of / is | df | 2 = Y^i=i ■ A lower bound of implies 
an upper bound for \df\ 2 . 

When k\ = k ,2 = c, the equation becomes. 


dt * ^ A * II T h a ik 2 ^ } A*AjA'n+jjjfc^'n+jjfc A 2 ^ } A^ A,/),,. j.ikh.jh 


a,i,k 


k,i<j 


k,i<j 


■ErTv l, ?TTy ) + 1 - nl} 

i 1 j 


(3,9) 


4 Long time existence and Convergence 

In this section, we consider the mean curvature flow of E in M — Ei x E 2 in 
the case when E is the graph of / : Ex 1 —>• S 2 . In particular, we prove the long 
time existence and convergence, assuming that det (g^ + ( f*h)ij ) is less than 
2 initially. In our notation, det (g^ + ( f*h)ij) = det(5y + < /*(aj), ffiafi) >h), 
where {oj} is any orthonormal basis for (Ei,g). 

Let us explain the hypothesis det {gij + (f*h)ij) < 2 in more detail when Ei 
and S 2 are both two-dimensional surfaces. As remarked in § 1 , this condition 
is equivalent to the Jacobian J\ of the projection from E onto Ex is greater 
than -A and is slightly stronger than J\ > |J 2 |. 

By the Singular Value Decomposition at any point p G E l5 we can 
choose orthonormal bases {ai,a 2 } for T p E x and { 03 , 04 } for T/( p )E 2 such 
that d/| p (oi) = Ai 0 3 and d/| p (a 2 ) = A 2 a 4 . Then det(< 7 ^ + ( f*h)ij ) = (1 + 
Af)(l + A|). Let Oi and D 2 be the volume form of E x and E 2 respectively. 
They can be extended as parallel forms on Ex x E 2 . We also have the projec¬ 
tions tti : Ei x S 2 1 —» Ex and 7 t 2 : Ej. x E 2 1 —»• E 2 . At any point (p, f(p)) G E 
and any orthonormal basis (ei, e 2 } for T( p j( p p E, Di(ei, e 2 ) is the Jacobian of 
7 Ti|e, the restriction of 7 Ti to E, and D 2 (ei,e 2 ) is the Jacobian of 7 t 2 |e- Now 
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we can take the orthonormal basis for 7j P ,/( P ))S to consist of 


ei = 




(ai + Aia 3 ), e2 — 


\/l + A 


(02 + A20-4) 


Since Oi = 
and n 2 (ei,e 2 ) 
equivalent to 


a* A and IA 2 = 
\/ (1+A?)(1+A|) 


“3 A “i. We ha ™ = ^ | 1 + 4 ) 0 +A|) 

The assumption (1 + Af)(l + A|) < 2 is 


^i(ei, e 2 ) > 


V2 


(4.1) 


Taking into account of the fact that ( 


Ai A 2 


1, (4T) implies the weaker condition 

^1(61,62) > |^2(ei,e2)| 


\J (1+Aj)(l+A|) a/(1+A^)(1+A |)' 


< 


In fact the condition J2 1 (e 1 ,e 2 ) > |n 2 (ei, e 2 )| is equivalent to E being 
symplectic with respect to both symplectic forms 12 1 + 122 and Oi — O 2 - This 
is exactly the assumption in [|J where we prove the global existence and 
convergence in the two-dimensional case. First we prove Theorem A. 

Theorem A. Let (Ei, g) and (E 2 ,h) be Riemannian manifolds of constant 
curvature k\ and k 2 respectively and f be a smooth map from Ei to E 2 . 
Suppose k\ > \k 2 \. If det (g,j + (/*h)y) < 2, the mean curvature flow of the 
graph of f remains a graph and exists for all time. 


Proof. Following the notation in the previous section with O = 0 1 . It is 


not hard to see that *12 = 


and the assumption 


V det (sy+(/*fc)y) y/mflflJ+W) 

implies nr=i( 1 + A f) < 2—6 for some 5 > 0, and in particular ^)" =1 X 2 < 1—5. 

Now we take a look at the quadratic terms of the second fundamental 
form in equation (|3.8|) . First we assume n < m, so n + m > 2n. The tangent 
indices i,j,k run from 1 to n and the normal index a runs from n + 1 to 
n + m unless they are specified otherwise. We divide hf lk into two parts: 


a.i.k 


h 2 

,l odk 


E 


h 2 

' l aik 


+ 


n-\-l<ot<2n,i,k 


E 

2 n<a,i,k 


h 2 

L aik 
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In the first summand, write a = n + j then j runs from 1 to n, therefore 


E h li t = J2 h - 


,2 

n-\-j,i,k 

n-\-l<a<2n,i,k j,i,k i<j,k 


^ v ^^n-\-i,j,k ~f" ^n-\-j,i,k) ~f" ^ y ^ 


i,k 


The quadratic terms of the second fundamental form in equation 
become. 

T h aik ~ 2 E \i\jhn-\-i,ikh"n-\-j,jk T 2 ^ ^ ^j^ihn-{-j,ikh'n-\-iJk 

a,i,k i<j,k i<j,k 

= 5\A\ 2 + (1 - (5) ^2 h a,ik + (1 _ ^) hn+i,ik + (1 _ ^) n+i,jk + ^n+j,ik) 

a>2n,i,k i,k i<j,k 

2 ^ ^ ^i^jh'n-\-i,ikh'n-\-j,jk T 2 ^ ^ ^i^n+jjik^n+ijk 
i<j,k i<j,k 

> 5|A|" + (1 — 5) ^ h 2 a ik + /E. + i,ifc)(T \ 2 ) + (1 - 5) ^ ( K.+i,j,k + K.+j,ik) 

ol>2 n,i,k i,k i i<j,k 

—2 yy \i\jh n+ i t ikh n+ jjk— 2(1—h) yy I hn+j,ikhn+i,jk\ 

i<j,k i<j,k 


where we have used JE A 2 < 1 — 5 and |AjAj| < 1 — 5. 

Drop the non-negative term (1 — 5) Yh a > 2 n i k ik an d the l as t expression 
is no less than 

■5|2t| 2 + (E ^i^n+i,ik) 2 E XiXjh n+i,ikh , n-\-j i jk T (1 ^ ^ | I | ^n-\-j,ik | ) 

i i<j,k i<j,k 

> b\A\ 2 + T Xjh 2 l+iik + (1 - 5) yy (\h n+i j k \ - \h n +j,ik\) 2 

i i<j,k 


which is non-negative. 


12 


If n > m , since h n+it jk = 0 for m < i < n, the quadratic terms become 



By a similar argument, this term is non-negative and bounded below by <5|^4| 2 
As for the curvature term, for each i we have 



(4.2) 


Because each A 2 - is less than 1 and k\ > \k 2 \, this term is nonnegative. When 
k\ + k 2 > 0, this term is indeed strictly positive. 

By Proposition |3.2| and the previous paragraph, *Q satisfies the differen¬ 
tial inequality. 



(4.3) 


According to the maximum principle for parabolic equations, min St is 
nondecreasing in time. In particular, has a positive lower bound. Since 
is the Jacobian of the projection map from T, t to Zb, by the implicit 
function theorem, this implies ZJ remains the graph of a map /t : Ei h T, 2 
whenever the flow exists. 
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Now we isometrically embed M = Sj x S 2 into R w . The mean curvature 
flow equation in terms of the coordinate function F(x,t) in R w becomes 

—Fix, t) = H = H + E 
at 

where H G TM/TT, is the mean curvature vector of E t in M and H G T~R. N / 
TT, is the mean curvature vector of T, t in R^. 

To detect a possible singularity at ( y 0 , t 0 ), recall the (n-dimensional) back¬ 
ward heat kernel p yo j 0 at (l/o^o) introduced by Huisken ||. 


Pyoto (?/’ t) 


1 

(47r(t 0 - t))* 


exp( 


~\y-yo\' 2 

4(t 0 - 1) 


The monotonicity formula of Huisken asserts lim^ to f p yo j Q dp t exists. p y0: t 0 
satisfies the following backward heat equation derived in || along the mean 
curvature flow. Here V and A represent the covariant derivative and the 
Laplace operator of the induced metric on T, t respectively. 


d _ A , IF^I 2 F ± - H F L -E 

J t PyoM ~ ~&Py 0 ,t 0 ~ PvoM 4 ( to _ t y + + 2(t 0 - t) 

where F 1 is the component of F G TW N in TW N /TT, t . 

Recall that 


(4.4) 


—dp t = — \H\ 2 dp t = —H ■ {El + E)dp t 

LlL 


Combine this equation with equations ( |4.3|) and ( |Q|) , we get 


d 

dt 


(1 *Q)p yo j 0 dpt 


< J [A(l - *ft) - 5\A\ 2 }p y0)t0 dp t 

— / (1 — *n)[Ap yo j 0 + Pyo,to 


F ± I 2 F ± ■ H F 1 ■ E 

H—;-;—b xt: -rr)J dpt 


(4.5) 


4(*o - () 2 t 0 - t 2(t 0 - t) 
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By rearranging terms, the right hand side can be written as 

J [^(1 — *tyPyo,to — (1 — *f2) Apj^to] dpt — d j | A\~ Py 0 ,t 0 dpt 

- /(I - »n)p w ,«o[ 4( ^J t)2 + + | H\ 2 + H ■ EW, 

The first term vanishes by integration by parts and the third term can be 
completed square. Therefore 
d f 

/ (1 — *typyo,to dpt 
— — d J | A | Py Q ,t 0 dpt. 

+ y (1 — *^)Pyo,to 

Since E is bounded and f( 1 — *Q)p yo j 0 dpt < / p yo ,t 0 dpt is finite, this 
implies 

d f 

— / (1 - *typ y0}t0 dp t 
<C-S j \A\ 2 p yoM dp t 

for some constant C. From this we see that lim t _> to f(l-*Q)p yo . t 0 dp t exists. 
For A > 1, the parabolic dilation D\ at ( yo,to ) is defined by 


(1 *Q)p y0: t 0 


dpt 


2 (to 


L + h+ — 

t) 2 


dfit 


D\ : R n x [0,* 0 ) [-A 2 * 0 ,0) 

(y,t) -» (\(y - yo), A 2 (f - t 0 )) 


(4.6) 


Let S C M. N x [0, t 0 ) be the total space of the mean curvature flow , we 
shall study the flow S x = D X (S) C R N x [—A 2 t 0 , 0) . Denote the new time 
parameter by s , then t — t 0 + -A. Let dp x denote the induced volume form 
on E by F x = A F to+ ^. The image of F x is the s-slice of S x and is denoted 
by Therefore, 


d f 

— y (i - *n) Pofi dp x 

\ d f 

= ~X^~dt *^dvoM dpt 

- A2 “ A2 


Pyo ,to I -A I dpt 
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Notice that is a invariant under the parabolic dilation. It is not hard to 
check that 


1 



/ 


Po,o|Al | 2 dp x 


This is because p yoto dp t is invariant under the parabolic scaling and the norm 
of second fundamental form scales like the inverse of the distance. 

Therefore 


^ J (1 ~ *^)Po,o dp x 

J Po,o\A \ 2 dp x 

This reflects the correct scaling for the parabolic blow-up. 
Take any r > 0 and integrate from — 1 — r to — 1. 


l 


' —1 — T • 


Po,o\A \ 2 dp, x ds 


< j {l- *typ 0)0 dp\ - f( 1 - *ft)p 0 ,o dp x _ i_ T + — 


Notice that 


(4.7) 


/(l - *0)po,odp = J( 1 - 

By the fact that lim,^ to f (1 — *Q)p y0)to dp t exists, the right hand side of 
equation ( |4.7|) approaches zero as A —> oo. Take a sequence A j —> oo, for a 
hxed r > 0, 



Po,o\A\ 2 dp Xj ds <C(j) 


where C(j) —> 0 as Xj —> oo. 


Choose Tj 


0 such that 


0 and Sj E 


[-1 


T, 


3i 


-1] so that 
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[ PofilA^d^j < ^ 

J T j 

We investigate this inequality more carefully. Notice that 



1 

4 tt (~Sj) 


exp( 


— \Fsj | 2 
4 (- s i) 


where = A jF to+ ^. 

J 

If we consider for any R > 0, the ball of radius R, -Br(O) C M ,v , when j 
is large enough, we may assume — 1 < Sj < —then 

[ Po,o\ A \ 2 dps 3 j > ^ ex P(^-) [ x \ A \ 2 dp X s ] 

J 3 2vr 2 J^nB R (o) 

This implies for any compact set K C M iV , 


|A| 2 dyU^' —* 0 asj^oo (4.8) 

n/\ 3 

Now we claim in the rest of the proof this together with the fact that 
has a positive lower bound imply liiUj^oo f p yo ,t 0 dp t + a j = lim j-xx, f Po,odpsj < 

0+ A? 

J 

1. We may assume the origin is a limit point of S s j, otherwise the limit is 
zero and there is nothing to be proved. 

is in fact the Jacobian of the projection 7Ti : T, t i—► Si. Each St can 
be written as the graph of a map ft : Si i—> S 2 with uniformly bounded 
\dft\. This is because det( ^ 7 ^ + ( fth)ij ) = n"=i(l + A 2 ) is bounded and 
nr=i ( 1 + A 2 ) > 1 + EILiA? = 1 + \df t \ 2 - Denote f tQ+ ^ by f). Now we 

j 

consider the blow up of the graph of fj in by A j. This is the graph 
of the function fj defined on A^Si C which corresponds to a part of 
S S j. Now \dfj\ is also uniformly bounded and our assumption on S s j implies 
linij^oo/j(0) = 0. Therefore we may assume fj —> f^ in C a on compact 
sets, /oo is an entire graph defined on M n . 
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Other the other hand, 


l^lj < |Vd/j| < (1 + \dfj\ 2 )^\A\j (4.9) 

where \A\j is the norm of the second fundamental form of E,,) and V dfj is 
the norm of the covariant derivatives of dfj. Inequalities (|4.9| ) can be derived 
as equations (29) on page 31 of Q. 

Use the equation ( |4.8[ ), we can show f) —> in C a D W^’ c 2 and has 

vanishing second derivatives. This implies E. S J —> ET] as Radon measures 
and ETj is the graph of a linear function. Therefore 

On I pofldfj,*’ = I p 0 ,o« = 1 


This implies 


iim / p yo ,t 0 dfi to+ x = Jim / p yo , to dp t = 1 


J ^oo 


V 7 t—>to _ 


The regularity now follows from White’s theorem |TD] which asserts (t/ 0 , t 0 ) 
is a regular point whenever lim t _,. to f p y0) t 0 dpt < 1 + e. 


□ 


Theorem B. Suppose k\ > \k 2 \ and k\ + k 2 > 0. If det{g l3 + (f*h)ij) < 2, 
then the flow exists for all time and the corresponding map converges to a 
constant map at infinity. 


Proof. Long time existence is already proved in Theorem A. Since = 

, the assumption is equivalent to > ^=. 


■y/det (gij + (f*h)ij) \ZffiLi(l+^f) 

By equation (|4.2|), we have 


ytas) + k2 ^ ~ n + Z) 1^2) - 2ci 

for any i, where C\ is a constant that depends on the initial condition. By 
Proposition |3T2| , satishes 
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d_ 

dt 


n A 2 

* > A * + 2c\ N - 

“ 1 + A 2 

2=1 1 


That A 2 < 1 for each i implies 


i 11 

i =1 

Since A 2 < 1 for each i, we have 


1 + c 2 ^2 — Jl(l + Ai) > 1 + ^2 ^ 

2—1 2—1 2—1 

where c 2 is a constant that depends on n. Therefore Yli=i Af > ;A( — 1). 

and satisfies 


d_ 

dt 


*Q>A *n + c 3 (-^ 


1) 


By the comparison theorem for parabolic equations, min E(i is non¬ 
decreasing in t and min St —>• 1 as £ —> oo. 

To prove convergence at infinity, we first show that max xe s t |A| 2 (:r) —> 0 
as t —> oo. We need to take a look at the quadratic term of the second 
fundamental form in equation (|3.8|) . 

Let A = (Aja) be a matrix and 


Q ( x ) = 


x, 


2 'y ^ (Ajo-Aj^ 
a,P,i<j 


^ja^ip')Xi a Xjf} 


X 


be the quadratic form defined for x = (xi a ) G 
enough such that Q(x) > A|x| 2 when |A| 2 < e. 

The quadratic term of the second fundamental form in equation 
the original index (see also equation (EO)) is 


Choose e small 


I) in 


E h a ik ~ 2 E (^2 Oi^j(3 ^ jot ^i/3')h'aikh'pjk\ * ^1 (4.10) 

a, 2, k a,/3,i<j,k 
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Now take e 2 < e. There exists a time T such that and 

A 2 < e 2 for t > T. Therefore we have 


dt 2 


Let 7] = *f2, then by equation (|3.1|) 

|^V\ ^ ^^ ‘ Qa2---nhalk T ' ' ' T AR... ,n— lakotnk) 
fc o 

< n + ' ' ' + (A2 

!••• ,n-la^ 


/u Q! 


cm/c J 
2 


<»£E<v l^alfe) T ' ' ' T (Xanhank) ](*A2) 

k a 


Therefore 

|V? 7 | 2 < ne 2 ‘)f\A\ 2 

Let p be a positive number to be determined, 7f satisfies 


(4.11) 


d p _! d 
Tt v =pv Jt 71 


1 


>PV p 1 (A?7 + -77|t4| 2 ) 

= A 7] p — p(p — 1)^7 p_2 | Vr/| 2 + ^r/ p |A| 2 


Use the inequality (|4.11| ), we get 


> Ar f + [| - p(p - l)ne 2 ]7f|A| 2 

Recall from || that |A| 2 satisfies the following equation along the mean 
curvature flow. 


1|A|’ = A|A|’-2| V^ + KV^W + tV^W]^ 

ZRlijkh'alkh'aij “ 1 “ 4 Ra/3jkh , /3ikh'aij ^Rlkik^alj^aij 4 “ Rak(3k^/3ij^aij 

+ E E h j aikh /r ymk hamkh"yik ) 4“ EE haij hamk ) 

OL.'y.i.m k i.j.m.k ol 

(4.12) 
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where Rabcd is the curvature tensor and V jU is the covariant derivative of 
M. 

In our case, the curvature operator is parallel and it follows that \A\ 2 * 
satisfies 


j f \A\ 2 < A|A | 2 - 2| VA | 2 + KfA] 4 + K 2 \A\ 2 

for Ki , K 2 constants that depend on the dimensions of Si and £ 2 . Applying 
the same technique in || to calculate r}~ 2p \A\ 2 we get 


j t (<r 2p \A\ 2 ) < A(,r 2 ,, |A| 2 ) - • v^-^i^i 2 ) 

+ r 2r \KM\ l + A' 2 |A| 2 - 2|A| 4 (| - p(p - l)ne 2 )] 

We may further assume 62 is small so that K\ + \ — -?== < 0. Choose p 
so that 2 p(p — l)ne 2 = 1, so 2 np 2 > A. Therefore K\ — p + 2 p(p — l)ne 2 < 


Ki + 1- 


/2 ne 2 


< 0. 


Denote r) 2p \A\ 2 by g, then g satisfies 

J t s<&g- r 2 ”) ■ Vj + rpiK, + 1 - —= 


)g 2 + K 2 g 


By the maximal principle and comparison theorem for parabolic equa¬ 
tions and notice that 0 < 77 < 1 is bounded away from zero , maxs t |A | 2 < 

1 C 3K (r~ n) ^ ^ * s i ar S e enough. Since 62 can be arbitrarily small, this im- 

\/2ne2 1 

plies maxs, |A | 2 —> 0 as t — > oo. Since the mean curvature flow is a gradient 
flow, the metrics are analytic, by Simon’s |7j theorem, the flow converges to 

a unique limit at infinity. That the limiting map is a constant map follows 


from *f 2 = 


Vn?=i(i+A?) 


1 as t —> oo, thus Xi —> 0 and \df t \ —> 0 . 


□ 
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